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A. The IP Weighted estimator

There are at least three algebraically equivalent representations of the g-formula: (1) an ex-
pectation weighted by the joint densities of covariates, (2) an iterative conditional expecta-
tion over time, and (3) an inverse probability weighted expectation. All three representations
are nonparametrically identical, and in this section we will focus on the inverse-probability
weighted (IP weighted) estimator under representation (3).

The IP weighted estimator has been used, for example, to estimate the effects of lifestyle on
coronary heart disease (Young and others, 2019); the effects of aggressive glucose-lowering
strategies on the progression of albuminuria (Neugebauer and others, 2016); the effects of
antiretroviral therapy on mortality (Cain and others, 2010), the effect of joint monitoring
and treatment strategies on mortality (Caniglia and others, 2019) and the effect of treatment
switching strategies (Cain and others, 2016) in HIV positive individuals.

The IP weighted estimator upweights the outcomes of those who followed treatment strategy
g to account for those who did not follow the strategy. For simplicity, we will describe IP
weighted estimators for deterministic treatment strategies, but generalization to any user-
specified intervention will be discussed at the end. In what follows, we will discuss two IP
weighted estimators for the cumulative counterfactual risk under intervention g or E(Y7).

One estimator is an Horvitz-Thompson IP weighted estimator fi;pw g7, which can be ob-
tained from the following:
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where P,(X)=n"1Y"" (X;) for any random variable X. Since each jth component (j=
0,...,J—1) in the last equation is not a convex combination of the observed outcome values,
the point estimates obtained from the Horvitz-Thompson IP weighted estimator may be
unbounded (i.e. it is not guaranteed to fall between 0 and 1) (see Robins, 2007). Note that
alternatively, we could estimate E(Y7) by calculating
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The following estimator requires slightly more modeling effort. This IP weighted estimator
firpw.Haz can be obtained as a function of J discrete-time hazard of death or
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Here, A; pw,; 1s the estimated conditional probability of death at time j given survival at time
j—1 under treatment strategy g and can be obtained by solving for A;py; in the following
estimating equations:
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AIPW ; will always be bounded between 0 and 1 since it is always a convex combination of
the observed Yj,i-values and thus E(Y7) will always be bounded between 0 and 1.

Nonparametric estimation of the probability of treatment and the probability of censoring
may not be feasible when L; is high-dimensional, but we can impose working models to
estimate both. Estimated values for the probability of treatment and probability of censoring
can be obtained by fitting logistic regression models from the observed data. For general
user-specified intervention distribution, we would replace I(A;_1=AJ_,) by [T fm (A
A; 1,L;,Y;=0) in Equations (A.1) and (A.2). In all of the simulation studies (see Web
Appendix E), we provide results from fi;pw g7 and firpw,Has-

B. Proofthat Expression (1) is algebraically equivalent
to Expression (2)

For simplicity, we prove for two time points that Expressions (1) and (2) in the main text
are equivalent. This result can be generalized for any J. We obtain from Expression (1):

2

Z Z ZP(Ykzl|Yk—1:Ck:07Lk—1:lk—17Ak—1:dk—1)X

Vaj_lw'j_lkzl
k—1
HP(Y;:OD/S—I:Cszoyl_/s—lzis—l7145—1:&5—1)]0([5’Y;ZCSZOJS—I7as—1)fint(as‘Y:s:cszojs,ds—l)
s=0

:ZZ [{Zzp(}ézl|}/1202:0,L1:l_1,Alzal)fint(al |Y1201:0,l_1,a0)f(11 \Y1:C'1:O,l0,a0)

Vip Vao Vi1 Vai

P(Y1=0|C1=0,Lo=lo,Ao=a0) f™ (ao|lo) f(lo) }JFP(lelCl:O,Lozlo,Aozao)fint(a0|l0)f(lo)

2



We obtain from Expression (2):
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Taking the inner-most expectation w.r.t. Y5 given (Y1,{Cy=0},L1,A;), then w.r.t. A; (under
/) given (Y1,{C1=0},L1,Ap), and then w.r.t. Ly given (Y1,{C1=0},Lo,Ao) yields:
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Then taking expectation w.r.t. Y; given ({C;=0},Lg,Ag), then w.r.t. Ay (under f*) given
(Lo), and finally w.r.t. Lg yields:
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which is what we obtain from Expression (1). Similarly, to show that Expressions (1.d) and
(2.d) are algebraically equivalent, we note that for two time points Expression (1.d) equals:
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We obtain from Expression (2.d):
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Taking the inner-most expectation w.r.t. Y given (Y1,{Co=0},L;,{A;=A7}), and then w.r.t.
L, given (Y1,{C1=0},Lo,{Ay=AJ}) yields:

Ey,, [Efyl {Y1+E o, (EfY2 {Y2(1—Y1)\Yl,02=o,L1,Aleg}m,cl:o,Lo,Ao:Ag) ‘Clzo,Lo,Angg}

=Ej,, !Efy1 {Y1+(1—Y1)ZE(Y2m:Cz:o,Lo,ll,Al:Ag)f(ll|Y1=o,L0,Ag) ‘Clzo,Lo,AozAg}
Vi1

Taking expectation w.r.t. Y] given ({C1=0},Lg,Ap), and finally w.r.t. Lo yields:

Bty |Bp, {Y11C1=0,Lo,40=48 } | +E,

Efy, {(1—Y1)ZE(Y2\lecFo,Lo,zl,Al:Af{) F(11|Y1=0,L,A9)
Vi

C1=0,Lo,Ao=A8}

=Y P(Yi=1|Lo=lo,Ao=a) f(lo)+> _P(Yo=1|V1=0,Ly=I1,A1=a5) f (11 [Y1=0,l0,a§) P(Y1=0|Lo=lo,Ao=a}) f (lo)
Vio iy

o)

Vig

{ZP(YQZlY1:CQZO,E1:Z_1,A1:C_L‘(1])]C<11 \Y1:C’1:0,l0,a6’)P(Y1:0\Clzo,LO:lg,AO:ag)f(lo)}
Vi

—l—P(Yl:l ’Cl ZO,Lozlo,Aozag>f(lg)]

which is what we obtain from Expression (1.d).

C. Details on the hazard-extended ICE estimator

C.1 Deterministic treatment strategies

In this section, we show that Expressions (2) and (2.d) equal E(Y7). Since we have shown in
Web Appendix B that Expressions (2) and (2.d) equal Expressions (1) and (1.d), respectively,
Expressions (1) and (1.d) also equal E(Y7). Again, for simplicity, we show this for two time
points, but the result can be generalized for any .J.




We obtain from Expression (2.d) and from the observed data:
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The first line in the equations can be shown to equal E(YJ) under consistency, positivity
and exchangeability. This is because under these assumptions, h3 ; =E(Yy’ V1=Cy=0,L,,A;=
AD)=E(Y7|Y1=C1=0,L1,Ag=Af), and hf ,+(1—h3 ))Ej, (h3,]Y1=C1=0,Lo,Ag=A})=P(Y/!=
1|C'l:0,L0,A0:Ag)+P(Y29:1,Ylg:O]01:0,L0,A0:Ag):P(Y29:1|C’1:O,L0,A0:Ag):P(ngzl|
Ly) for deterministic treatment strategies.

Since (h3,, h3 1, b3 ) are generally unknown, they need to be estimated. The corresponding

predicted values are represented by (ﬁfo, ﬁg,l, ﬂgﬁo), respectively, in the algorithm from
Sections 4.2.1 and 4.2.2.

To predict (h{,, h3,, hi,), we can solve a set of estimating equations. For the stratified
ICE, step 1 amounts to solving for 6, ,;_; (j=1,...,J) in:
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Where [P’n(X):%Z?:le and eXplt{Q%’]_lgb(l_)j,l)}:E(Y}|Y},1:Cj:(),zj,1,/_lj,1:
A}C’ 1;05.5-1), and step 3 amounts to solving for 6, in:
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where explt{9 k¢(Lk)} E( ’Yk+1:Ck-+1:O,Z_—Jk’Ak:Ai;9J7k).

k41
Let 0=(010,021,....05.- 1,920, QJJ 25e GJO) Under regularity conditions for M-
estimators, 0= (01,0,9271, HJJ 1,62 05 OJJ 2,...,9},0) has  probability limits 6#*=
(070,05 1507 71,05 05075 5 _9,--,070).  In addition, it can be shown that the estima-
tor 6 for 6 is asymptotically linear (Tsiatis, 2006). Suppose that the true values
for 0 are represented by 0= (9?0,8317...,«997(]_1,9870,...,997J_2,...,6’970). If the model for

E(Y;|Y;_1=C;=0,L; 1=l; 1,A;_ 1=A% ;) (Vj<J) is correctly specified, then the estimating
equations (C.1) are unbiased when 0]* ;-1=0%;_,. Then under sufficient regularity conditions,
ﬁ?’ _, converges in probability to h] i1 (V5<J). In particular, iLZ ;_1 converges in probability
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to h%; ;. By induction, suppose that the probability limit of ng 41 equals h%, ., under
correctly specified outcome regression models from times J—2 to k+1. If the model for
E(h(g]’kﬂ]YkH:C’kH:O,Lk:lk7Ak:Ai) is correctly specified, then the estimating equations
(C.2), with ﬁ%k 41 rAeplaced with its limit, are unbiased when 67%,=69,. By the continuous
mapping theorem, h%, converges in probability to h%,.

The consistency of the pooled ICE can be proven in the same way. However, we note that
in the stratified ICE, step 1 amounts to solving for 6;,_1 (j=1,...,J) in:

]P’n{¢(ij1 A1) (Yj—expit{@jT,j_W(Ej—l A1) }) Y;_1(1-C}) }:0

where expit{@fj_1¢(ij,1,/_lj,l)}:E(Y}D/;-,l:C'j:O,[_Jj,l,f_lj,l;ej,j,l), and step 3 amounts to
solving for 6, in:

P, { ¢(Li,Ar) (ilJ,kJrl_expit{egkﬁb(zkaﬁk)}) Yit1(1=Cry1) } =0

where expit{9§k¢([}k)}:E(iz§k+l\YkH:CkH:O,Ek,Ak;QJ,k). Note that we can also use the
general sandwich variance estimator for our ICE estimators, but computation is cumbersome
for multiple time points. We recommend using non-parametric bootstrap variance estimator.

C.1.1 An alternative pooled hazard-extended ICE estimator

Suppose that fint(A0|L0):]{Ag}(A()) and f'int(Al|Y’1201:0’I_/17A0):]{A€}(Al). Then it is
immediate that the following equation holds:

and more generally Expression (2) equals Expression (2.d) for deterministic treatment strate-
gies. Thus under consistency, positivity and exchangeability E(Yy) can be identified from
the observed data.

Cl_O,LO,AO}
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We can obtain from Expression (2) and from the observed data:
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Since (hl D> h2 1 hg?o) are generally unknown, they need to be estimated. We can do so using
the followmg estimator:

Let ﬁjﬂ ' be the predicted outcome for h J ! and let h . be the predicted outcome for h

1. For each j=1,...,J, regress Y; on L; ; and A; ; in those whose Y;_;=C;=0 with pa-
rameter 0 ;1.

2. For each j=1,...,J, obtain predicted values hJ]] 2 from E(Y;|Y;01=C)=

O,Ejfl,Aj,Q,Ajfleg_l;éj’j,1> for all of those whose Y;‘,l:Cj,l:O by ﬁXing
Aj—leg—l' Set q:2

3. Let k=J—q: Regress h J'“,j 1 from the previous step on Ly and Aj, (observed treatment
values) in those whose Yk+1—Ck+1:O with parameter 0. That is, fit the model for:

E(h 3kk—¢1|yk+1—ck+1—0 Ly, Ax;011) (C.3)

~ (lg
4. Obtain predicted values hj} from

E( 3kki1|yk+l—0k+l—0 leAk 1, A= AkveJk) (1—ﬁZil,k)+iLZi1,k (C-4)
by fixing Ay=Aj for all of those whose Y,=Cj=
5. If g<J, then let g=q¢+1 and return to Step 3.

By the end of this algorithm, we obtain predicted values ili?o and average over Ly to obtain
an estimate for E(Y7). Note that for NICE, under the Monte Carlo simulation, estimating
Expression (1) is equivalent to estimating Expression (1.d), so there is only one way of
estimating Expression (1).
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C.2 Random treatment strategies

If one were to carry out a study under a random treatment intervention f™(a;|V;=C;=
O,Z_j,aj_l), by probability rules, the risk under that intervention of interest is precisely given
by g-formula (1) and (2). In addition, by design a random treatment intervention satisfies
the exchangeability and consistency assumptions for a set of geG that are observable under
[ (a;]Y;=C;=0,l;,a;_;). To identify the risk from the observed data, we need the following.

Under our exchangeability and consistency assumptions, the g-formula (1.d) and (2.d) for
the risk associated with any deterministic dynamic regimes satisfying positivity is equal to
the counterfactual risk had all subjects followed that regime. It follows that the risk under
the random dynamic regime with intervention distribution fi"(a;|Y;=C;=0,;,a;_1) is given
by (1) and (2) and algebraically equals a weighted average of risk associated with the set
of deterministic dynamic regimes satisfying positivity under f"(a;|V;=C;=0,l;,a;_1) that
only depend on past covariate history (Robins, 1986; Young and others, 2011). Hence, if the
positivity, consistency and exchangeability holds for the aforementioned set of deterministic
dynamic regimes, then we will be able to identify the risk under the random intervention of
interest from the observed data.

We now define h‘;‘i and hg"f) for two time points. From Expression (2), we obtain:
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As argued previously, the first line in the equations above can be shown to equal the risk
at time 2 under the treatment intervention provided that the conditions required for identi-
fiability (as stated above) hold. Note that the expectations taken w.r.t. A; and A,
are under fi"*. Thus, hg,“i, hi', L and L§ depend on the random treatment strategy. We
consider two examples.

Example 1: “independently at each month, treat individuals with probability 0.3”
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where Li=L;. Thus, in this example hiQ‘?ﬁ:EfEf [Efy2 (Y2|Y1:C’2:0,I_/1,/_11)|Y1:C'1:0,I_/1,A0}.

Similarly, hit§=F pyo { P(i=1]C1=0,Lo,A4g)+ P(i=0|C1=0,L0, Ag)Ey, . (H4|Yi=C1=0, Lo, Ao) |Lo }.
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Example 2: “independently at each month, treat all individuals whose CD4<x, but do not
intervene on treatment if an individual’s CD4>x"
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where Lj=(L;,A;). Similarly, it can be shown that
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where Li=(Lg,Ay).

The consistency of the stratified ICE estimator for the random treatment strategy can be
realized by noting that it can be written as a weighted average of a set of deterministic
treatment strategies. The consistency of the pooled ICE estimator can be proven in a
similar way as for deterministic treatment strategies.

C.3 Examples of the pooled hazard-extended ICE estimators

Example 1: “independently at each month, treat individuals with probability 0.3”

In Step 2, predict fzf}j}_l from
0-3'E(YJ|YJ71:CJ:O;EJ71uAJf%AJfl:l;éJ,Jfl)+O-7’E(YJ‘YJ71:CJ:OJ_—JJfl7AJ727AJ71:O§9AJ,J71>
for those whose Y;_1=C;_1=0. In Step 4, predict flf}i from
0.3-{E(ﬁf}j}€+1|Yk+1:C’k+1:0,Ek,/_lk_1,Akzl;élk)><{1—E(Yk+1|Yk:Ck+1:0,Ek,Ak_1,Akzl;ék+17k)}+
E(Yk+1’YkZCkH:O,Ek,Ak—l,Akzl;ékﬂ,k)}+
0'7'{E(ﬁgﬁc+l‘Yk+1:Ck+1:O>Ek7Akfl7Ak:O§éJ,k)X{1_E(Yk+1|Yk:Ck+1:07Ekylekfl?Ak:O;ékJrl,k)}‘i‘

E(Yii1|Ye=Cli1=0,Ly, Ay 7Ak:0;ék+1,k> }



for those whose Y, =C}=0.

Example 2: “independently at each month, treat all individuals whose CD4<x, but do not
intervene on treatment if an individual’s CD4>x"

In Step 2, predict ﬁf}ff_}fl from E(YJ|YJ,1:CJ:0,EJ,1,AJ,Q,AJ,lzl;éJJ,l) in those whose
CD4; 1<z and Y;_1=C;_1=0, and predict ilijf,fl from E(YJ]YJ,lzCJ:O,[_,J,l,Aj,l;éJ,J,l)
in those whose C'D4;_1>z and Y;_1=C;_1=0. In Step 4, predict izf}l}g from

B(AYY, o1 [Vir1=Chi1=0,Ly, Ap_1,Ar=1011) x {1— E(Yios1 [Ye=C1=0,Li, A1, Ay =130 11 ) }+
E(Yes1|Ve=Cy1=0, Ly, A1, Ar=1301 1 1,1)

in those whose C'D4,<z and Y,=C},=0, and predict fALIJn}C from

E(hh 41 [Yis1=Cls1=0,Li, A;f) 1) X { 1= E(Yi1[Ye=Cl1=0, Ly, Ai0p1.0) }+
E(Yii1|Ye=Cr1=0, Ly, Ap:0rs11)

in those whose CD4;,>x and Y, =C}=0.

10



D.

Classical ICE estimator

D.1 Deterministic treatment strategies

D.1.

1 Procedure 1: stratifying on treatment history

The following procedure can be implemented in existing an R package called ltmle (Lendle
and others, 2017). Tteratively, the algorithm for time J is defined as follows:

1.

D.
6.

Piegress Y; on L;_; in those whose Y;_1=C;=0 and who followed the regime A; ;=
AY% | with parameter 07 ;_;.

Obtain predicted values hJJ , from E(YJ|YJ_]_:CJ:O,I_JJ_1714]_]_:/_1%71;éJ7J_1) by fix-
ing Ay ;=A% | in those whose (Y;_1,C;_1,A; 5)=(0,0,4% _,). Set ¢=2.

Let k=J—q: Let QMH Jk+1 for those whose Y;1=0 and let ijﬂ—l for those

whose Y;11=1. Regress Q Tk+1 0L Ly, in those whose Y, =C},1=0 and who followed the
regime A,= Ag with parameter 0.

Obtain predicted values iL . from E(QMH]Yk C’kH:O,Ek,flk:Ai;éM) by fixing A=
A7 in those whose (Yk,C’k,Ak 1)=(0,0,47_)).

If g<J, then let ¢g=¢+1 and return to step 3.

]
. Average over h7 .

.2 Procedure 2: pooling over treatment history

. Regress Y; on L;_; and A;_; in those whose Y;_1=C;=0 with parameter 0571

. Obtain predicted values szJ_l from E(YJ|YJ_1:CJ:0,EJ_1,/_1‘]_1:/_1?]_1;@(]7‘1_1) by fix-

ing Ay ;=A% | for all of those whose Y;_=Cj;_1=0. Set ¢=2.

Let k=J—q: Let Qikﬂzﬁikﬂ for those whose Y3 1=0 and let Qikﬂzl for those
whose Y, 1=1. Regress Q% Je1 ON Ly, and Ay, in those whose Y;,=C},1=0 with parameter
ej’k.

Obtain predicted values iz:"}k from E(Q?Lk“|Yk:Ck+1:O,Ek,Ak:Ai;éM) by fixing A,=
A for all of those whose Y;,=Cj,=

If g<J, then let ¢g=¢+1 and return to step 3.

ha
Average over hj,

Setting Q% pe1 o be 1if Y3=1 does not effectively utilize information on the hazard of the
event at time k and is consequently inefficient. Hence, this estimation procedure is less

11



efficient than the ICE procedure in Section 4.2.2, as seen in our simulation studies.

D.2 Random treatment strategies

1. Regress Y; on Ly_; and A;_; in those whose Y;_1=C;=0 with parameter 6 ;_;.

2.(a) If fit(ay_1|Y;_1=C;_1=0,l;_1,a;_2) deterministically equals 1 for some (Ij_1,a5_9):
then using the fitted model E(Y;|Y;_1=C;=0,L;_1,A;_ 1,9JJ 1), predict hi}lf, , by fix-
ing A;_1=aj_; consistent with the treatment strategy for those with this observed
history of (I;_1,a;_2) and whose Y;_;=C;_1=0. Set ¢=2.

(b) If f(ay_1|Y;1=Cy1=0,l;_1,a_2)=f(a;-1|Y;—1=C;_1=0,;_1,a;_2), the observed
treatment distribution, for some (lJ 1,a7_2): then using the fitted model E(Y;|Y; 1=
Cy=0,L;_1,A;_ 1,0JJ 1), predict hf}lf,_l by setting A;_; to the observed treatment value
at time J—1 for those with this observed history of (I;_1,a;_2) and whose Y;_;=C;_;=0

(c) Otherwise obtain predicted values Bf}jtj_l by estimating

> E(Y)Yy=Cy=0,L_1,A; 2. As1=a;1:051) " (a-1|Yso1=Cy1=0,L;_1,A;_»)
Vaj_1
for those who do not meet the conditions in (a) and (b) and whose Y;_1=C;_1=0.
(d) Set g=2.
3. Let k=J—q: Let Q" =A%, for those whose Y;,=0 and let Q"% ;=1 for those whose
Yii1=1. Regress the predicted values Q% 41 from the previous step on L, and Aj, in those

whose Y3, =C}11=0 with parameter 0.

4. (a) If f(ay|Yp=C%=0,lx,ar_1) deterministically equals 1 for some (I3,d_1): then using
the fitted model

B(Q f?ltcﬂ‘yk Chp1=0, Ly, Ari011) (D.1)
predict iLf}l}; by fixing Ap=a, according to the random treatment strategy for of those
with this observed history of (I,ax_1) and whose Y,=Cy=0

(b) If £ (ay|Yi=Cy=0,l},ax_ 1) f(ap|Yp=Cy=0,ly,a)_,) for some (I,a,_1): then using
Expression (D.1), predict hmt by setting Ay to the observed treatment value at time
k: for those with this observed history of (Ix,a_1) and whose Y, =C}=0

(c) Otherwise predict ﬁf}l}c by estimating
> ™M@ Yi=Cr=0, L A ) E(Q 1 [Ye=Crn=0, Ly, Ax:f1x)
Yag
for those who do not meet the conditions in (a) and (b) and whose Y,=Cy=

5. If g<J, then let g=¢+1 and return to Step 3.

12



7int
6. Average over hjy.

We can also show how Expression (2.d) correspond to the classical ICE:

Ej,. (E,cy1 {}/1+EfL1 (Efy2{Y2(1—Y1)m,cgzojl,fil:fi{}m,clzo,Lo,AozAg)

C’le,Lo,AozAg} |>

Yit+(1-Y1)Ep,, { P(Ya=111=Cy=0, L1, A1 = AY) |1/1201:0,L0,A0:Ag}

g
h3 4

C1=0,Lo, Ag=A%

}

:EfLO { Ef)q

Yl—‘r(l—Yl)h‘g?l

N— ——

9
g9
2,1 h3 0

C1=0,Lo,Ap=A]

}—EfLO {Eyl,Ll (Q‘é’,l ‘Cﬁ:oio,flo:flg) }—EfLO (h3,0)

~~

:EfLo {EYl,Ll

Note that regressing Y1+(1—Y1)ing on (Lg,Ap) with a particular functional form is the same
as regressing Psat(lel\LO,AO)—i—PS“‘t(Yl:O]LO,AO)EA(ﬁgJDﬁ:O,LO,AO) on (Lg,Ap) with the
same functional form, where P%*(Y;=1|Lg,Ap) is the nonparametric estimate of the hazard
at time 1 given Ly and Ay, and the regression of ﬁg}l on (Lg,Ap) (in order to estimate

E (ﬁgjl\Lg,Ao)) is also of the same functional form.

D.3 Heuristic reason why classical ICE estimators may be less
efficient than hazard-extended ICE estimators

We utilize the idea of Rao-Blackwellization often used in Monte Carlo computation. Suppose
that we have two variables X and Y. Both Y and E(Y|X) are unbiased estimators of E(Y),
but it can be shown that Var(Y)>Var{E(Y|X)} and so it would be preferable to use E(Y|X).
Indeed, we can reduce the variance of an estimator if we can replace a random sample with
its expectation (see also Schafer, 1997; Robins, 1986; Liu, 2008).

Suppose that we observe (L,A,Y,Z) and we are interested in u=E(Z). Then an unbiased
estimator of p is P, {E(Z|Y=0,A,L)(1-Y)+Y}. Let ui=E(Z|Y=0,A,L)(1-Y)+Y. We now
show that the variance for i can be improved if we exploit further knowledge about the
distribution of Y. If we now define p*=E(g|A,L)=E(Z|Y=0,A,L)P(Y=0|A,L)+P(Y=1|
A.L), then P, (x*) is another unbiased estimator of E(Z). Moreover,

E{ (1" —p)*}=E[{E(A|A,L)—p}’]

=E[{E(i—u|A.L)}?]

<E[E{(a—p)*|A,LY=E{(a—n)*}
The inequality follows by Jensen’s inequality. This implies that the unbiased estimate ob-
tained from p* will be at least as efficient than the unbiased estimate obtained from . By
the same argument we can see that Rao-Blackwellization can also be useful in our hazard-
extended ICE procedure for the g-formula. We would expect that it may be more efficient if
we can exploit knowledge about the hazard of past outcomes Y; (for all j<.J) or if we have
a good approximation of the hazard, than implicitly integrating over Y; nonparametrically
(see paragraph directly above Section D.3).
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E. Simulation description and additional results

In the simulation study described in Sections 4.3 and 5.4, Ly~Ber(0.5). For j>1:

Cj~Ber{expit(—3—A4;_1+0.75L;_1)}, if Y;_1=0,

C;=1if C;_1=1, otherwise C;=0)
Y;~Ber{expit(—2—2A; 1+L;_1)}, if Y;_1=0 and C;=0,

Y;=11if Y;_1=1, otherwise Y;=0
L;j~Ber{expit(—2—-24;_;)}, if Y;=0 and L;_1=0,

L;=1if Y;=0 and L;_,=1, otherwise L;=0
Aj;~Ber{expit(—1.5+L;)}, if ;=0 and A;_;=0,

A;=11if V;=0 and A; =1, otherwise A;=()

The stratified ICE estimator for our random treatment strategy requires one to estimate
> gcqWt(9)E(Y), where wt(g)=gj. Since we only have one time-varying covariate L;, we

can work out ¢5_,(l;—2) and ¢/(l;_1) for each J=1,...,5.

When J=1, ¢i=f(ad|lo1)f(adlloz2), where lp1=0 and ly»=1. Note that f(af|lo)=f™"(aollo).
There are two deterministic treatment strategies {g1,92} €G with non-zero weights, and they
are al'=0 and al*=lp. When a'=0, for example, ¢§'=f"*(0|ly2), which in turn equals the
observed treatment distribution P(Ag=0|Lo=1). When af*=Ly, ¢3*=f"(ly2|lo2)=P(A¢=1]
Lo=1). Clearly, wt(g;)+wt(g2)=1.

The number of deterministic treatment strategies corresponding to the random treatment
strategy increases with the number of follow-ups. When J=2, there are four deterministic
treatment strategies {¢1,92,93,94}€G with non-zero weights, and they are (aJ',ad")=(lo,l1),
(agQ,aﬁ’Q):(O,ll), (agsvaslig’):(l()vlﬂ)? (a(g]47a£1]4):(07l0)'

When J=3, there are eight deterministic treatment strategies {gx,...,g7,9s } €G with non-zero
weights, and they are (ag',ad*,a3")=(lo,l1,l2), (ad’,a*,a3’)=(0,l1,l2), (a¥’,a®,a5*)=(lo,lo,l1),
(ag4ﬂa£1]47ag4):(10al1711)7 (ag57a£{57ags):(07l07l1)7 (ag(iva!lJG?agG):(Ovllvll)a (ag77a£1]77a£2]7>:(07l0al2)7
(ag®,at®,a5°)=(lo,lol2)-

When J=4, there are sixteen deterministic treatment strategies {gi,...,q15,916}€G with

: g1 91 .91 _g91\__ 92 92 G2 _g2\__
non-zero weights, and they are (aJ',a{".,a3",a3" )=(lo,l1,l2,l3), (ag’,ai’,a3’,a5>)=(0,l1,l2,l3),

(ag37a€3>agsaag3):(0>llal2al2)a (ag4aa£1]47ag4aag4):<l0al07l2al2>7 (ags7a§]57agsaa§5):(l0>l07l2al3)a
(agﬁJCLgG7ag67a§6):(l07107l17l2)7 (ag77a!1]77ag77ag7):<l07l07ll7l3>7 (agg7a€87agsuag8>:(107l17117l2)7
(agg7a?87aggaag8):(l07llallal3)7 (agwaaim7“310aagm):<07l07llal2>7 (agll7agll7agu7a’g11>:(07l07l1713)7
(a812,a?IZ,a3127a512):(07l1’117l2)7 (agl3’aglii701‘5137ag13):<0’l17l17l3)’ (ag14,a€147a]gl4’a‘gl4):
(0,[0,[2,[2), (agl“’ ,aﬁ”" ,a‘gl“’ ,agla):(o,lo,lg,lg), (ag“‘ ,aﬁm ,0,52116 ,Cng):(lo,ll,lg,lg).

When J=5, there are thirty-two deterministic treatment strategies {gi,...,g31,932 }€G with
non-zero weights, and they are: (af',al',ad",ad",af" )=(lo,l1,l2,l3,l4), (a¥’,ad?,a3’,af’,af)=
(0,[1,[2,l3,l4), (CLgB,CLS{S,CLgS,Cng,ais):(o,ll,lg,l%lg), (ag“,aﬁ"‘,a?,ag“,ai4):(0,l1,l2,l2,l4),
(af’,ad®,a5’ a3’ ,a5?)=(0,l1,la,l3,l3), (ai’,af®,a’,a3’,al®)=lo,lo,l2,l2,l3), (a7 ,ai a3 ,ad ,al")=
(lo,lo,l2,12,14), (ags,a‘({s,ags,ags,GZS):(lo,lo,lg,lg,lg),
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(af’,ad®,a5® a3 a5’ )=(lo,lo,l2,l3,l4), (ad',ay,a3" ,a3',a1)=lo,lo,l1,l2,l3),
(ag“,a“l’“ agu,a‘g“,% 1) (lo,lo,ll 12,14), (agm,a‘l’” ag“,agu,% 2):(l0,lo,ll,l3, 3),
(ad®,a]®,a3" a3 ,a3?)=(lo,lo,l1,l3,l4), (ad*,ay* a3 a3 al)=(lo,l1,l1,l2,03),
(agl5’a/.g15 agl5’a.g15’a4 5) (lo’ll’ll l2’ 4)’ (aglﬁ’a/.glﬁ a.glﬁ’aglﬁjailﬁ):<l07ll’l1,137 3)’
(agn’agn agl7’agl77a4 7) (l07l1’l1 13714)7 (agls’agls a‘gw,agls,aﬂlg):(O,ZO,h,lz, 3)7
(ad",ad",a3" a3 a9 )=(0,lp,l1,l2,l4), (ad®,af* a3 a5 ,a5°)=(0,lo,l1,l3,l3),
(agm’agl)m ag21’ag21’a4 1) (0 l07l17l3’ 4)’ (agm,aslnz a52722’ag22’a4 2):(0,l1,l1,l2, 3)’
(a8237&g23 ag?37ag23’a4 3) (0 l]_,l]_7l2, 4)’ (a8247(1/?24 agQ47&g24’a4 4):(0’l1’l1713’ 3)’
(a825’a/g25 a/g?5’a/.525’a4 5) (O ll,ll’lg, 4)’ (a826,a/?26 ag?ﬁ’a/.gQG’a4 6)2(07lo’l2,l2’ 3)’
(a827,ag27 a‘327’a]5277a4 7) (0 l07l2,lz’l4)7 (a828’ag28 ang,agZS7ai28>:(07lo7l2,l37 3)7
(ag297a%29 ag297ag29’a4 9) (0 lo,lg,lg,l4), (a8307a51730 ag3o7a53]30’agzm):(lo,lhlz’l% 3),
(agg’l,aﬁ’?’l agSI’a§31’aZSI) (lo,ll,lg,lg,l4), (agw’agaz ag327ag32’ai32):(l07l1 l27l3’l3)

Table 1 about here.]
Table 2 about here.]

[
[
E.1 Additional example of a random treatment strategy

In this section, we consider a simple simulation study for one time point. We generate
(LO,A(),}/l), where L0:<L10,L20), LlONBeI‘(O.5), LQONBGI"(O.5), AONBer{eXpit(1—2L10~|—L20—|—
L1oLao)} and Yy ~Ber{expit(—14+Ag+2L10—2Log+L10L2)}. We consider a delayed initiation
of antiretroviral therapy until L19=0 (e.g. Ljo is an indicator of a high CD4 count), but
allowing for 1-year grace period from the time that a subject first drops to a low CD4 count.

Now that we are considering two time-varying covariates, the cardinality of |Ly| is four.
Therefore, qg:f(ag“10,17120,1)]0((18’l10,27120,2)f(ag“10,37120,3)]0((18“10,47120,4)7 where (110,1,l20,1):
(0,0), (110,2,l2072>:(0,1), (llo,g,lgovg):(l,O) and (l10,4,l20,4):(1,1). There are four deterministic
treatment strategies {g1,92,93,94}€G with non-zero weights, and they are af'=(1—1I10)lao,
ay?=(1—119)(1=ls), af*=1—l1y9, ad*=0. The bias and standard error from this sunulatlon are
0.0001 and 0.0205, respectively.

We have shown previously that the number of deterministic treatment strategies in G with
non-zero weights corresponding to a random treatment strategy increases with the number
of follow-up times. It is easy to see here that when we increase the number of time-varying
covariates, it will become more difficult to list every deterministic treatment strategy that
is consistent with the random treatment strategy.

E.2 Simulation study with a continuous time-varying confounder

In this section, we consider a simulation study for J=>5. We generate (Lg,Aq,C1,Y1,...,C5,Ys),
where Lj:(L1j7L2j>, LlONBer(O.E)), LQONNormal(Q,l), AONBer{eXpit(—1+L10—0.25L20)},
Cy~Ber{expit(—3—A40+0.75L19—0.5Ly)} and Yi~Ber{expit(—1—2A40+2L10—0.5Lg)}. In
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addition for j>1:

Cj~Ber{expit(—3—A4;_1+0.75L1 j_1—0.5L2 1)}, if Y;_1=0,

C;=1if Cj_1=1, otherwise C';=0
Y;~Ber{expit(—1—2A, 1+2L, ;_1—0.5Ly; 1)}, if Y;_1=0 and C;=0,

Y=1if Y;_1=1, otherwise Y;=0
Ly j~Ber{expit(—2—24;_1—0.5Ly;_1)}, if ;=0 and L,_,=0,

Ly;=1if ;=0 and L, ;_1=1, otherwise L;;=()

Loj~Normal(2+A;_1—Ly ;_1+0.5Ly;_1,1), if Y;=0, otherwise Lo;=0

A;~Ber{expit(—14Lq;—0.25Ly;)}, if Y;=0 and A;_;=0,

A;=1if Y;=0 and A;_;=1, otherwise A,;=()

We consider deterministic and random treatment strategies: (1) a delayed initiation of treat-
ment until the first time Ly;<2.75 (e.g. transformed CD4 count) or when L;;=1 (e.g. AIDS),
whichever happens first, (2) a delayed initiation of treatment that also allows for 1-year grace
period from the time that this threshold is met.

The true parametric models for the g-formula estimator based on NICE were the ones used for
the simulation because we used a data generating mechanism without unmeasured common
causes of covariates and outcomes. Similarly, the correct treatment model for IP weighting
was the one used in the data generation process. The true risks of death were calculated by
using these models to generate a Monte Carlo sample of size 107. We use the true outcome
regression model in the nonstratified ICE to model the hazard at each time point. For all
other models in ICE, we include L,;, Lo; and W; and their pairwise interactions.

[Table 3 about here.]
[Table 4 about here.]
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F. Computation considerations for ICE and NICE

One way to determine the computational efficiency under each method is time complexity,
which describes how the runtime of a function grows as the size of our input grows. In a GLM,
the time complexity is given by O(p*+Np?), where N is the number of rows (person-time)
and p is the number of covariates in our GLM (H20, 2017).

In our HIV-CAUSAL Collaboration analysis, there are more than 2,500,000 person-month
observations and 55,826 individuals. Hence, the time complexity of a pooled regression model
fitted using the person-time observations will increase the computational cost greatly.

Generally in NICE, we fit separate models for the time-varying confounders, treatment
and outcome by pooling the person-time observations across time. For example, in HIV-
CAUSAL, each of models for the outcome, time-varying confounders and treatment uses
over 2,500,000 observations. If there are a lot of time-varying confounders, then ICE can be
more computationally efficient than NICE. This is because in ICE, we do not fit regression
models for the time-varying confounders or treatment. Moreover, the regression models in
Step 3 of the algorithm for ICE generally require a much smaller data set. For example, in
HIV-CAUSAL, each of the regression models uses 55,826 observations or less.

A computational disadvantage of the ICE is that at the end of the algorithm for ICE, we
are only able to estimate the average causal effect at time J. Whereas at the end of the
algorithm for NICE, we are able to estimate the average causal effect for all time points
through time J (i.e. time points 1,2,...,J). Furthermore, the ICE estimator requires a
separate set of regression models for each treatment strategy, whereas NICE only requires a
one-time estimation of the conditional densities.

References

CaIN, L. E., RoBiINS, J. M., LaNoY, E., LoGAN, R., COSTAGLIOLA, D. AND HERNAN,
M. A. (2010). When to start treatment? a systematic approach to the comparison of
dynamic regimes using observational data. The International Journal of Biostatistics 6,
1-24.

Cain, L. E., Saac, M. S., PETERSEN, M., MaAy, M. T., INGLE, S. M., LOGAN,
R., RoBINs, J. M., ABGRALL, S., SHEPHERD, B. E., DEEKS, S. G. and others.
(2016). Using observational data to emulate a randomized trial of dynamic treatment-

switching strategies: an application to antiretroviral therapy. International Journal of
Epidemiology 45, 2038-2049.

CaAnNIGLIA, E. C., RoBins, J. M., CAIN, L. E., SABIN, C., LOGAN, R., ABGRALL, S.,
MUGAVERO, M. J., HERNANDEZ-DiAZ, S, MEYER, L., SENG, R. and others. (2019).
Emulating a trial of joint dynamic strategies: An application to monitoring and treatment
of hiv-positive individuals. Statistics in Medicine 38, 2428-2446.

17



H20. (2017). Generalized linear model (glm). https://h2o-release.s3.amazonaws.com/
h2o0/rel-ueno/2/docs-website/h20-docs/data-science/glm.html.

LENDLE, S. D., SCHWAB, J., PETERSEN, M. L. AND VAN DER LAAN, M. J. (2017). ltmle:
An R package implementing targeted minimum loss-based estimation for longitudinal data.
Journal of Statistical Software 81, 1-21.

Liu, J. S. (2008). Monte Carlo strategies in scientific computing. Springer Science & Busi-
ness Media.

NEUGEBAUER, R., SCHMITTDIEL, J. A. AND VAN DER LAAN, M. J. (2016). A case study
of the impact of data-adaptive versus model-based estimation of the propensity scores on

causal inferences from three inverse probability weighting estimators. The International
Journal of Biostatistics 12, 131-155.

RoBINs, J. M. (1986). A new approach to causal inference in mortality studies with a
sustained exposure period: application to control of the healthy worker survivor effect.
Mathematical Modelling 7, 1393-1512.

SCHAFER, J.L. (1997). Analysis of Incomplete Multivariate Data, 1 edition. London: Chap-
man & Hall.

TsIATIS, A.A. (2006). Semiparametric Theory and Missing Data, 1 edition. New York, NY:
Springer.

Young, J. G., CaIN, L. E., RoBINS, J. M., O’REILLY, E. J. AND HERNAN, M. A.
(2011). Comparative effectiveness of dynamic treatment regimes: an application of the
parametric g-formula. Statistics in Biosciences 3, 119-143.

Young, J. G., LocgaN, R. W., RoBINs, J. M. AND HERNAN, M. A. (2019). Inverse
probability weighted estimation of risk under representative interventions in observational
studies. Journal of the American Statistical Association 114, 938-947.

18



Y19¥°¢C 0669°C GT8EC ¥650°C 1891 96891 66L0°0- 9¢90°0 LL50°0- 9¢10°0 ¥€€0°0 ¢€a0°0 g
LVVCC 8IeV'¢ 0L6T°C 86681 L9671 60671 ¢630°0- ¥€L0°0 GG00°0- 0910°0 Lav0°0 Lv€0°0 i
0256°1 6€90°C 6C16°T 6€69°T 864¢'T 166¢°1 1¥¢0°0- ¥6L0°0 8¢00°0- 0€€0°0 6€70°0 86€0°0 €
1729'T 62TLT 9191 208¢'T 92860 6756°0 1600°0 20700 9020°0 66200 L2€0°0 L0£00 | @
920¢'T 7e6T'T 66811 77850 76570 07590 1600°0 €L10°0 681070 €120°0 €120°0 98100 1
ds sergq
dH dH
g | oiar || was %Ewwﬂ Mmmwm o | war | | s %ENM%M MMM%M HOIN | £
SAIV Jt yeal]
88GC'C 0925°¢ 888T'C cerL'l (44 N €9¢49'1 ¢L90°0- LL50°0 0990°0- ¢S10°0- S¥10°0- ¥120°0- g
8L10°C G9¢C'C 0€L6°T Y6291 0792’1 879¢'1 ¢020°0- ¢c80°0 €€2¢0°0- 8L10°0- €600°0- 66000~ i
96cL'1 18.8°T VITL'T VEEY'T 1286°0 8¢86°0 8¢€00°0- €620°0 1800°0- G9¢0°0- 92¢00°0- Lv00°0- €
06771 062851 9eeT'1 €8GT'T ¢8L9°0 06.9°0 6¥€0°0- LLTO°0 9.€0°0- L6¢0°0- L€00°0- 0700°0- (4
G6€0°T 26501 €6¢0°T c1ee 0 c18e 0 614€°0 94620°0- ¥200°0- G200~ 1€00°0 1€00°0 7€00°0 T
ds sergq
dH dH
year) sAem[y

‘00T £q pardniynu axe gg pue serqg “(6L1€°0°C0LE 0°€ITE 0 LFST'0'FER00) ST A5o1e1)s JUatIRaI) DTUIRUAD O]}
Iopun jutod owil) Yoes e [jesp JO YSLI [BNIORLISIUNO0D oNI], “(GEGT 0°LFST 0°0560 0 FF90°0'LEE0°0) ST AS01RI)S JUaMIRaI) DIR)S
o) Iepun jutod ouWIl} [DRS JB [IBIP JO YSLI [BNJORIIDIUN0D oNI], ‘(Uoljejdedxe [RUOIIIPUOD SAIJRIST Pa[ood [RDISSB[D) OISSB[D
-0 Po[ood pue ‘(uorye)radxo [RUOIIIPUOD SAIYRINIT PoPULIXe-pIezel pojood) THHNH Pajood ‘(uorpe)dadxo [RUOIIIPUOD SATYRINIT
poyIjeI)s popusIxe-prezey) THHOHT “jeI)g ‘HOIN "SOIS0IRIIS JUSTIIRAI) DIWRUAD OIISIUIULINGOP I0] APNJS UOlje[nuIg :T 9[qR],

19



CL8T'C 16€¢C 6€91°C 02S6'T L689°T 8089°'T 9600°0 1.00°0- €C¢10°0- £€€00°0- 70200 10€0°0 q
88€0°C 6G9ST'C 6.¢0°C L1281 619G°T CLVG'T G900'0 9000°0- G100°0- 8800°0- 29¢0°0 ¢cav00 ¥
Gyas8'1 1676°T LVVS'T 76GO'T 00LE°T CcALE'T 7600°0- ¥7,00°0- 9¢T0°0- 9900°0- G¢1c0°0 9770°0 ¢
c0LG'T ¢6I9'1 6L9G°T [4S4a! LCET'T 9eTT'1 €100°0- Gv00°0- 9L00°0- 69100 7€€0°0 ¢rs0o 14
889¢C'1 G8LC'T ¢99¢'1 LVER0 LVER0 LEVS0 100070 1000°0 7¥00°0- ¢cl00 ¢cl00 1.€0°0 1
ds sere
HH HH
o | o | s PR qor| e | | e PR  gono

THEDI

ens UDIN

‘s1eak T Jo pouad sovIS ' [Yim AS9jeIlS JUSTI)RaI) WOPURI I0J SHNSAI APNYS UOIIR[NUIG

"00T Aq pardnnu axe g pue serq (9£6¢°0°7IVE 0°G16¢ 0°GLEE 0'ETST 0) ST
jutod oWy Yoeo e [Jeap JO NS o], *(uorye1dodxo [RUOIIPUOD dATYRIYT pojood [edISse[d) JIsseD-H)] PI[00od pue ‘(uorpe)sadxo
[RUOTIIPUOD SAIJRISIT Papua)Xe-prezey pojood) THHN] pejood ‘(uorjejoedxe [RUOIIIPUOD SAIJRISII PIPUIIXS-PIRZRY DOYIIRI)s)

‘¢ Olq®L

20



0LLE'C GcIL'C GLET'C LGET'C 6266°T IVILT 7769°1 £€260°0- ¥0¥0°0 1.20°0- | 60T0°0- | €990°0- | L6€0°0- | 06¢0°0- |G
66€C'C 16G5C £€e60°c ¥ce0'c 1¢e6°1 QoPa'T evea'1 17190°0- €2s0°0 ¥910°0- | €600°0- | 9¢c0°0- | TT20°0- | ¥0TO0- | ¥
1.80°C TLEET 66€6'T VLE6'T GG6L'T €0G¢'T 60€¢'T 88€0°0- ¢950°0 €000°0- ¢€00°0 67¢c0°0- | T900°0- | ¢C¢100- | €
9078'T 76e0'C LT9L°T TT9L°1T 10€9°T T160T°T €960°'T 8¢70°0- €ce00 6€00°0- | SS00°0- | LSGc0°0- ¥7600°0 ¥100°0- | €
V10G'T 9109°'T 6LST'T 6LGT'T LT9L°0 LT9L°0 76SL°0 ¢1€0°0- ¢910°0 ¢¢10°0- | ¢c¢10'0- 8¢T0°0 8¢T0°0 ¢6000 | T
dqs serqg

JISSB[O dH J1SSR[D JISSB[D H4H JISSB[O
o » (o1ssED0) DI (o1sseP) g . . (o1sse) e (o1sse) g ,
MdI MdI o)l yens o)t AOIN MdJI MdI cieo)! yels CIe)! HAOIN | ¢

) Pa[ood . pa1ood
1RI1)S parood 1ReI1)S porood

‘00T £q pordninu axe g pue serq (7605 °0°¢S8T°0°G8GT°0°LSET°0°TI80°0) ST AGojeI)s Juotnyeary SIeusp o1} opun
jutod oWy} YoRD JB YJRIP JO YSLI [RINJORJIOIUN0D NI, “(UOIpR)dadxe [RUOIIPUOD OAIJRINII pajood [eOlsse[d) DISSRD-H)] PI[00d
pue ‘(uorjeidadxe [RUOIIPUOD SAIYRISIT PapuajXe-prezey pajood) THHH] pajood ‘(uorjejoedxe [RUOIIIPUOD SAIJRII)L POPUS)XS
-pIezey @@uﬁgpmv THOT 9e1g ‘gOIN  SOISejelI)s Juotljeal) DIWRUADP DI)SIUIULISISD 10 APNIS UOIR[NWIS RIJXH ¢ 9[qv],

21



0P06'T 1816°T 9%ELT 6624'T 167G 6160°0- 01010~ azce0 0- €100~ 8LGOO- | G

0958°T 98T 1489°T €Try'T LPOV'T 1880°0- 660°0- GP10°0- £800°0- 900~ | ¥

9961 169L°T 888G’ ROVE'T €T8¢'T FOF0°0- $050°0- 10€0°0- 8900°0- 61600~ | €

0£66'T SO 08GP'T 8T’ 2E6TT LEE00- 8T70°0- 0020°0- FL00°0- 6LF00- | T

L8LET 66LE'T 8POT'T RPOT'T 9LLT'T gg10°0- £120°0- 1200°0- 1200°0- o0 |1
as sergl

HN T LH T @@E%&m& Mmmwm ADIN || FMMdI LH T Emmﬁwwmﬂ me%m ADIN | /

22

"00T £q pordninu axe g pue serq “(106€°0706E 0°GL0E 0'G8LE 0'ECET 0) ST AGoer)s
JUOTI)RAI) OTWRUAD oY) Iopun juiod owr) Yoes e [Ieap JO SLI oni], *(uorpe)dadxo [RUOIIIPUOD dATYRII)T Pajood [RIISSR[D) DISSR[D
-0 Po[ood pur ‘(uorye)oadxe [RUOIIIPUOD SAIIRISIT PopULIXe-pIezey pajood) HHNH Pajood ‘(uorje)oadxe [RUOIIIPUOD SAT}RINIT
popuajxe-pIezey poyljer)s) THHH] “je1yg ‘gOIN ‘SOISeel)s Juatujest) JOIURUAD WOPURI I0] APNIS UOIJR[NUWIS RIJXY :F S[(R],



